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Abstract. We study electron-atom scattering in the presence of a laser field with elliptic polarization. We
discuss the dependence of the differential cross sections for the cases of circular and linear polarizations as
a function of scattering angle. Interesting typical signatures of the phase between the two components of
the circular polarization of the laser field appear in the differential cross section.

PACS. 03.75.Pp Atom lasers – 34.50.Rk Laser-modified scattering and reactions – 34.80.Qb Laser-
modified scattering – 32.80.Cy Atomic scattering, cross sections, and form factors; Compton scattering

1 Introduction

The detailed investigation of atomic processes through
interaction radiation has been greatly facilitated by the
increased availability of lasers. In addition, a variety of
new phenomena have been observed, remarkable by their
non-linearity. While multiphoton processes, in particular,
multiphoton ionization and harmonic generation have re-
ceived most attention, laser-assisted electron-atom colli-
sions has not been widely studied. These processes are
however of fundamental interest and are important, for
instance in the laser heating of plasmas and high-power
gas lasers. One of its most remarkable features is the pos-
sibility of exciting the target via the absorption of one or
more photons.

Experimentally, laser-assisted electron scattering pro-
cesses have recently become feasible. Several experiments
have been performed, in which the exchange of one or
more photons between the electron-target and laser field
has been observed in laser-assisted elastic [1,2] and in-
elastic scattering [3–8]. In particular, the excitation pro-
cess has been widely investigated in the literature by sev-
eral authors [9,10], mainly in the perturbative (weak-field)
limit. The first theoretical studies on the inelastic scatter-
ing were inspired by the pioneering works [11–13], in which
the laser parameters such as intensity, frequency and also
polarization gives interesting results and considerably en-
riches the study of the collision process. The influence of
the laser polarization in the laser-assisted collisions has
attracted a great deal of attention in both theoretical and
experimental works. It is the purpose of the present paper
to investigate, in particular, the role of this parameter in
the case of inelastic scattering in helium.
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In this paper, we shall present the role of the phase
between two components of the circular polarization of
the laser field in electron helium collisions using a de-
tailed calculation of differential cross sections. The inter-
action between the field and projectile is treated in a non-
perturbative way by using Volkov waves [14]. On the other
hand, the laser-atom interaction, leading to the dressing
of the atomic bound states, is treated pertubatively, up
to first order. We have performed an “exact” evaluation
of the needed infinite sum-over-states, based on simplified
hydrogenic functions of the excited spectrum of helium.
In order to confirm our numerical results, we have per-
formed the calculations as in our previous paper [15], by
two different methods both based on the Sturmian basis
expansion.

The paper is structured as follows. In Section 2 we
present the general formation of laser-assisted inelastic
electron-atom collisions in the elliptical polarization. An
account is then given of the techniques that we have used
to evaluate the scattering amplitudes. Section 2 also con-
tains a detailed of our numerical results as well as their
physical interpretation and interest, and Section 3 con-
cludes the paper. Atomic units (au) are used throughout
this paper.

2 Theory, results and discussion

Following our previous works [16,17], we shall assume that
the laser field is treated classically as single mode and
spatially homogeneous, which means that it varies little
over the atomic range and that the dipole approximation
is valid. Working in the Coulomb gauge, we have for the
vector potential of a field propagating along the ẑ-axis and
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represented in the collision plane (x̂ − ŷ)

A(t) = A0

[
x̂ cos(ωt+ ϕ) + ŷ sin(ωt) tan

(η
2

)]
, (1)

with the corresponding electric field

E(t) = E0

[
x̂ sin(ωt+ ϕ) − ŷ cos(ωt) tan

(η
2

)]
, (2)

where E0 = ωA0/c, E0 and ω are the peak electric field
strength and the laser angular frequency, respectively.
Here η measures the degree of ellipticity of the field and
we have the particular cases of linear polarization (η = 0)
and circular polarization (η = π

2 ) are easily recovered.
Here ϕ denotes the initial phase of the laser field. We can
recast the electric laser field in terms of its spherical com-
ponents by

E(t) = E0

∑
ν=±1

iνε̂ν exp(−iν(ωt+ ϕ)), (3)

where ε̂ν = 1
2 [x̂ + iνŷ tan(η

2 )] is the polarization vector.
The analysis of the inelastic electron-atom scattering

processes in the presence of the laser field, starting with
direct scattering. The Hamiltonian of the electron-atom
system in the presence of the laser field may be written in
the direct arrangement channel as

H = HF +HT + Vd, (4)

whereHF and HT are respectively, the Hamiltonian of the
free electron and the target in the presence of the laser
field, and Vd is the electron-atom interaction potential in
the direct channel. We have in atomic units

Vd(r0,X) = −Z

r0
+

Z∑
j=1

1
|rj − r0| , (5)

where Z is the atomic number of the atom, r0 is the co-
ordinate of the projectile electron, X denotes the ensem-
ble of target coordinates r1, r2, ..., rZ . To first-order in the
electron-atom interaction potential in the direct channel
Vd, the S-matrix element for direct inelastic scattering
from the ground state of energy E0 to a final state of
energy Ef , in the presence of laser field is given, in the
First-Born Approximation (FBA), by the expression

SB1
f,0 = −i

∫ +∞

−∞
dt〈χkf

(r0, t)

× Φf (X, t)|Vd(r0,X)|χk0(r0, t)Φ0(X, t)〉. (6)

Here χk0(r0, t) and χkf
(r0, t) are respectively the Volkov

wevefunctions of the incident and scattered electrons in
the presence of the laser field. Φ0(X, t) and Φf (X, t) are
respectively the dressed atomic wevefunctions describing
the initial (fundamental) and final states. k0 and kf are
respectively the wavevectors of the incident and scattered
electrons in the presence of laser field. After integration on

the time variable, we can recast equation (6) in the form

SB1
f,0 = i(2π)−1

+∞∑
�=−∞

δ(Ekf
+ Ef − Ek0

− E0 − 
ω)ei�γKfB1,�
f,0 (K), (7)

with

γK = arctan
(

K · ŷ
K · x̂ tan(η/2)

)
, (8)

which is particularly important for taking into account
the effects of the laser polarization on the variations of
the laser-assisted differential cross sections, where 
 is the
number of photons emitted during the collision, so that
positive values 
 corresponding to absorption and negative
ones to emission and momentum transfer K = k0 − kf

which relatively small. The first Born scattering ampli-
tude, fB1,�

f,0 (K), is corresponding to the process 0 −→ f
accompanied by the transfer of 
 photons can be split in
an electric and an atomic amplitudes, corresponding to
situations in which the laser field interacts only with the
projectile or with the projectile and the target, respec-
tively. These electronic and atomic contributions can be
written as [11,16]

fB1,�
f,0 (K) = fB1,�

elec (K) + fB1,�
atom(K), (9)

with
fB1,�
elec (K) = J�(RK)fB1

f,0(K) (10)

and
fB1,�
atom(K) = f1(K) + f2(K), (11)

where

f1(K) = − i

K2

∑
n

(
J�+1(RK)eiγKM−

n0

ωn0 + ω

− J�−1(RK)e−iγKM+
n0

ωn0 − ω

)
fB1

f,n(K) (12)

and

f2(K) = − i

K2

∑
n

(
J�−1(RK)e−iγKM+

fn

ωfn + ω

− J�+1(RK)eiγKM−
fn

ωfn − ω

)
fB1

n,0(K). (13)

In both last equations we have

RK = αo

[
(K · x̂)2 + (K · ŷ)2 tan2(η/2)

]1/2

, (14)

and
M±

n′n = E0〈ψn′ |ε̂± · r|ψn〉. (15)

is the dipole matrix element. αo = E0/ω
2, ωn′n = En−En′

is the Bohr frequency and J� is an ordinary Bessel func-
tion of order 
. ψn is a target state of energy En in the
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absence of an external field. fB1
f,0(K), fB1

n,0(K) and fB1
f,n(K)

are the first-Born amplitudes corresponding to the scat-
tering process 0 → f , 0 → n and n → f without laser
field.

The first-Born differential cross sections for electron-
atomic collisions with the transfer of 
 photons is given by

dσ�
f,0

dΩ
=
kf

k0
|fB1,�

f,0 (K)|2. (16)

The main problem in evaluating the scattering amplitudes
corresponding to the first-order contributions to the S-
matrix element for laser-assisted elastic scattering and
excitation process, consists of performing the summation
over the intermediate states. In order to calculate exactly
the corresponding radial amplitudes without further ap-
proximation, we have used two different methods based in
Sturmian approach similar to the ones described in our
previous works [15,16]. This approach allows us to take
into account exactly the bound-continuum-state contri-
butions, which are of crucial importance for electron im-
pact excitation at intermediate energies. These methods
of computation constitute an important advantage in the
present context as compared to earlier ones relying on the
closure approximation [11].

The contribution for laser-assisted inelastic collisions
to the S-matrix of exchange scattering which leads to some
conceptual difficulties but would not significantly alter the
results of the present discussion. We have consider in the
present paper only the leading term of gB1,�

f,0 , the exchange
amplitude for electron-atom collisions with the transfer of

 photons used in reference [11]. It is known that the ex-
change effects in collisions are important at low relative
velocities, while the FBA is an essentially high-energy ap-
proximation. Thus, the first-Born differential cross section
corresponding to the inelastic scattering process, with the
transfer of 
 photons, is given by

(
dσ�

el

dΩ

)
=
kf

k0
| fB1,�

f,0 − gB1,�
f,0 |2, (17)

does not depend on the initial phase ϕ of the laser field,
due to the inability of the collision time to be defined, as a
result of the approximation of the projectile wave packet
by a mono energetic beam of infinite duration [18].

The formalism described above has been applied to
various kinds of scattering process involving a neutral
atom, in particular for helium in the initial state: elas-
tic collision and excitation. In every case, the results that
have been obtained show the importance of the role played
by the dressing of the atomic states by the laser field, spe-
cially at small-scattering angles, and the importance of
light polarization effects, namely, a circularly polarized
laser can give larger cross sections than a linearly polar-
ized one, by several orders of magnitude [10,16,17].

The present semiperturbative method with the Stur-
main basis expansion takes into account the target atom
distortion induced by the presence of a laser field. The
validity of our treatment is based on the fact that the

laser-atom target interaction is non resonant. This condi-
tion become stringent if the laser frequency is comparable
to any characteristic atom transition frequency. We note
that the inelastic scattering process can be considered as
non resonant if for a given frequency, the intensity does
not exceed a certain limit [16]. Such a condition will be
respected by our choice of the Nd-YAG laser frequency
ω = 1.17 eV and E0 = 107 Vcm−1. In the calculation of
the amplitudes (10), (12) and (13), we need to know the
explicit form of the atomic wave functions in the absence
of an external field. For the ground state of helium and
for n1S, n1P, n1D we use the wave functions proposed in
reference [13]. We note that the doubly excited states are
neglected in view of the weak contribution of these states
to the elastic process [11,16].

We will illustrate and discuss the effects of the phase
between the two components of the circular polarization of
the laser field in the elastic collision and excitation process
of helium target by a fast electrons in the presence of a
laser field. In helium, there have been comparatively fewer
attempts to address the role of the dressing of the atomic
states by the strong laser field, which not completely an-
swered yet, the main reason being that the computation
is much more complex. This is unfortunate in view of the
fact that helium would lend itself more easily than hy-
drogen, to experimental verifications. Note however that,
though simplified, the model contains all the ingredients
needed for the discussion of the physics of such processes.

The results presented in this paper are obtained for a
geometry in which the wavevector k being contained in
the scattering plane coplanar circular polarization(CCP):
see figures in Bouzidi et al. (1999), where free-free differ-
ential cross sections are maximum at a particular laser
intensity and incident electron energy [16,17], and where
the laser-assisted differential cross section depends on the
orientation of the polarization unit vector ε̂ν and on the
phase between the two components of the laser field. We
compare our results in coplanar circular polarization with
the results obtained for a geometry in which the polar-
ization vector of the field E0 is parallel to the direction
of incoming electron wave vector k0 (E0 ‖ k0), where the
differential cross section in presence of the laser field only
depends on the orientation of the polarization unit vector
ε̂ν and with the values obtained by using the Kroll-Watson
approximation (KWA), where the differential cross sec-
tions for exchange of photons are related to the field-free
differential cross section ( dσ

dΩ ) through

dσ�

dΩ
=
kf

k0
J2

� (λ)
dσ

dΩ
. (18)

The motivation for this particular choice is that the elec-
tronic term fB1,�

elec (K) is identical for both geometries, be-
cause the argument of the Bessel functions reduces to the
same value RK = αo(ki − kf cos θ) in these two cases,
where θ is the scattering angle. The same situation oc-
curs when we compare the differential cross sections cor-
responding to the laser wavevector k being perpendicular
to the scattering plane (perpendicular circular polariza-
tion, PCP) with those obtained for linear polarization
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Fig. 1. First Born differential cross section corresponding to
the excitation of 21S state of helium, with the absorption of
one photon (� = 1), as a function of the scattering angle θ.
The incident electron energy is 100 eV, the laser frequency
is 1.17 eV, and the electric field strength is 107 V/cm. Dot-
ted line: the KWA results. Dotted-dashed line: linear polariza-
tion (E0 ‖ k0). Dashed line: circular polarization (CCP with
γK = 0). Solid line: circular polarization (CCP with γK = π).

corresponding to geometry where polarization vector of
the field is taken to be parallel to the momentum transfer
K (E0 ‖ K), the argument of the Bessel function being
then reduced to an identical value RK = αoK, but there
is no effect of phase between the two components of the
circular polarization perpendicular of the laser field [17].
In both cases, the differences observed in the angular de-
pendence of the differential cross sections are signatures
of effects arising from the dressing of the target.

In the case of elastic collision, as noted before, a cir-
cularly polarized laser can give larger cross sections then
a linearly polarized one by several orders of magnitude.
The absence of deep minima in the differential cross sec-
tions for circular polarization due to the presence of a
complex phase forbids the occurrence of a complete de-
structive interference between the two amplitudes [16]. For
linear polarizations (E0 ‖ k0 and E0 ‖ K), some of these
minima are of purely kinematics origin, another kind of
minima associated with destructive interference between
electronic and atomic amplitudes. These minima do not
appear in the case of circular polarizations (PCP and
CCP), as the atomic contribution, equation (11), becomes
complex, which impedes the occurrence of the cancellation
with the electronic term, equation (10). This partially ac-
counts for the fact that the magnitude of the cross section
can be larger for circularly polarized light than for linear
polarization. These results demonstrate the importance
of the effects of the light polarization in this class of free-
free transitions at small scattering angles and are present
in hydrogen as well as in helium, while the effects of the
phase between the components of the circular polarization
of the laser field is absent.

In Figures 1–4, we present the differential cross sec-
tions for laser-assisted excitation of the 21S with the net
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Fig. 2. As in Figure 1, but with the emission of one photon
(� = −1).
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Fig. 3. As in Figure 1, but with the absorption of two photons
(� = 2).
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Fig. 4. As in Figure 2, but with the emission of two photons
(� = −2).
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exchange of up two photons (
 = ±1,±2) as a func-
tion of the scattering angles θ. In each of these figures,
we have displayed the excitation amplitude for two dif-
ferent geometries: for linear polarization E0‖k0 and for
circular polarization CCP. The reason for this particular
choose is that tan(γK) vanishes, so that γK = 0[modπ].
These values of γK , in a interval [0, 2π[, correspond to
the case where the two components of the electric field in
the plane ŷ, x̂ vary as a function of time, with the same
phase γK = 0 or with opposite phases γK = π. This be-
havior can be explained by the change of Bessel functions
from CCP with γK = π to CCP with γK = 0, making
a change of sign of the atomic, i.e. the phase-dependent
factor exp(±iγK) present in the atomic term changes the
sign of its real part. The change of phase is absent in the
case of circular polarization PCP, because tan(γK) = 0
for γK �= 0 and its unique.

In Figures 1–4 we show the laser-assisted differential
cross sections corresponding to the 11S −→ 21S excita-
tion process. The complete results obtained by using the
scattering amplitude equation (18) for two polarizations is
compared with the “KWA” cross section in which dressing
effects are neglected. According to the domain of validity
of the treatment used for taking into account the laser-
atom interaction, the Nd-NAG laser frequency will be
taken to be �ω = 1.17 eV (0.043 au) and E0 = 107 Vcm−1.
These parameters are such that the target dressing gives
the small momentum transfer K, the differential cross sec-
tion corresponding to the electronic term much smaller
than that in the absence of laser field for |
| ≥ 1 and the
soft photon approximation is not valid [19]. As noted be-
fore the inclusion of higher order terms of the direct scat-
tering matrix and of exchange only increases the results
at small scattering angles but does not change the qual-
itative difference between the “electronic” and complete
(electronic and atomic) results with net transfer of pho-
tons we can see that for angles below 40◦ for absorption
and below 60◦ for emission there are important differ-
ences between the two polarizations. Indeed, as in the
case of elastic collision, dressing effects are shown to be
dominant in the forward direction for linear polarization
where E0 ‖ k0 and circular polarization CCP and for larger
scattering angle for circular polarization coplanar. In both
cases, the differences observed in the angular dependence
of the cross sections results from the differences between
the contributions of the atomic terms, i.e on the dressing
of the target. One observes indeed strong modifications of
the cross sections, as compared with the results of calcula-
tions in which dressing effects are neglected (KWA). For
the laser frequency and field strength chosen here these
modifications occur at θ ≤ 40◦. In addition, notable dif-
ferences are observed, depending on the polarization state
of the light and on the phase between two components
of the circular polarization of the laser field. The overall
magnitude of cross section corresponding to difference be-
tween circular polarization and linear polarization is more
important and clearly observed when we compare the dif-
ferential cross for linear polarization E0 ‖ k0 with circular
polarization coplanar with γK = 0 for absorption and with

γK = π for emission. This difference decreases when | 
 |
increases. This behavior is particularly important from the
experimental point of view since it is, in principle, easier
to measure the laser-assisted differential cross sections am-
plitudes for larger scattering angle and for such a choice of
phase, where the dressing effects of the target contribute
significantly.

As indicated in our previous paper on elastic scatter-
ing of helium [16] and excitation of atomic-hydrogen [17],
we have observed the existence of two kinds of minima
(m1) and (m2) corresponding respectively, to the situa-
tions when fB1,�

elec (K) + fB1,�
atom(K) = 0, which a destructive

interferences (the electronic and the atomic amplitudes are
varying in opposite directions when the momentum trans-
fer increases), and at angles such that the argument RK

of the Bessel functions actually vanishes. This last mini-
mum exists for absorption, with net exchange of photons,
in the cases when E0 ‖ k0 and CCP with γK = π and for
emission in the case CCP with γK = 0. We notice that the
shape of the differential cross section in the case of copla-
nar circular polarization with γK = π follows the same
behavior that corresponds to the results obtained in the
case of linear polarization. The presence of a destructive
interference between the electronic and the atomic ampli-
tudes is a general feature of 11S −→ n1S transitions in the
case of absorption 
 > 1 for E0 ‖ k0 and CCP with γK = π
and emission 
 < 1 in the case CCP with γK = 0. This is
due to the presence, in the atomic terms of s−p transition
amplitudes, which behave like K−1 for small K. This be-
havior can be explained by the change of Bessel functions
from absorption 
 = 1, 2 to emission 
 = −1,−2, making
a change of sign of the atomic amplitudes.

3 Conclusion

Our results show that, everything else being fixed, a cir-
cularly polarized laser (CCP with γK = 0 for absorption
and CCP with γK = π for emission) can give larger cross
sections than a linearly polarized one, by several orders
of magnitude. This is one interesting typical signatures of
the phase between the two components of the circular po-
larization of the laser field in the differential cross section.
This behavior should constitute an interesting and attrac-
tive point for the experimentalists to measure the cross
amplitudes in the case of a circularly polarized laser beam
and for such choice of phase.
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Täıeb, J. Phys. B 31, 1115 (1998)
17. M. Bouzidi, A. Makhoute, M.N. Hounkounou, Eur. Phys.

J. D 5, 159 (1999)
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